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Stability in matching models with capacity constraint with
agents’responsive preferences, the set of g,-stable-G

Abstract: /n this paper a variant to the many-to-one matching model is presented,
in which two types of complementary agents and an institution intervene. The
latter wants to assign agents to perform certain tasks, each of which can be done
by one agent from one set with many agents from the other. The institution has
preferences over the possible matchings and a quota g, which is the maximum
number of agents it can hire. In this model, considering responsive references for
the agents, two concepts of stability are extended in a natural way and the concepts
of g-stability-R and g-stability-G are defined. It is shown, under the institution’s
responsive preference costraint, that there are sets of the matchings g-stable-G,
and their complete characterization is obtained.
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Stability in matching models with capacity constraint with agents’responsive preferences, the set of g-stable-G

1. Introduction

Many-to-one assignment models are used to study market problems whose distinctive
feature is that the agents involved from the outset are in disjoint sets with different
characteristics (e.g., principals and students, firms and workers, etc.). The nature of the
problem studied here consists of assigning to an agent from one set many agents from
the other. In the case in which to an agentin a set one agent is assigned at the most, the
model is called one-to-one matching model. Agents not matched to any agent in the
other set are called singles.

The “College admissions problem” is the name given by Gale and Shapley, in
1962, to the simplest of the many-to-one models. They assume that companies have
a maximum number of positions to cover (the quota), and that each company has
a preference relationship in the different groups of workers, and each worker has a
preference relationship in the whole of the companies. A central theme in formulating a
many-to-one model is how to model the preferences of firms as this involves comparison
of different groups of workers. The simplest preference of acceptance of the firms is the
responsive preference. The company, before any pair of subsets of workers which differ
in only one worker, prefers the subset containing the most preferred worker according to
their individual preference over each worker. Given a preference profile, an assignment
or matching satisfies a specific property of stability if it cannot be blocked, in a sense to
be specified below, by any agent or any unassigned pair of agents.

Roth and Sotomayor, in 1990, studied the most general of many- to- one models,
which they called "College admissions problem with substitutable preferences”. Each
company has a substitutive preference relationship over different groups of workers, i.e.
each company prefers to hire a worker, even if other workers are no longer available,
regardless of their individual preferences over each worker. In 1982, Kelso and Crawford
were the first to use this property in the most general model several-to-one with money.

A variant to the one-to-one matching model is the one-to-one matching model
with capacity constraint, presented by Femenia, Mari, Neme and Oviedo in 2011. They
assume that two sets of complementary agents and one institution intervene and the
model consists of assigning each worker on one side of the market to a worker on the
other side, such that the pairs of workers hired by the institution are g, at most. That is
to say, the institution will have to choose g pairs of workers at most in agreement with
its order of preference. The stability property in this model depends on the preferences
expressed by the participants and on the institution’s preferences; this is why the property
of g-stability is defined. Under the constraint of the institution’s responsive preferences,
the existence of the set of g-stable matchings is guaranteed and it is possible to obtain its
characterization. Femenia y Mari, in 2012, presented an application of these results to
thereal estate market with the variant that in the matching process the state intervene. A
variant is proposed to the several-to-one model, under the constraint of the institution’s
responsive preferenceswith substitutable preferences for one side of agents, presented
by Femeniay Mari, in 2020.

In this work, a variant is proposed to the several-to-one model. It is assumed that
an institution U wants to assign each agent in a set Dto several agents in a set £. The
institution has preferences over the agents of both sets and a quota g, which is the
maximum number of agents it can assign. In addition, it is natural to think that there may
be more candidates than positions to be filled. For example, a university has members on
its staff who are prospective scholarship directors and gives a certain number of grants
to be distributed among students in an optimum way.

The stability property in this model depends on the participants and the institution’s
preferences. As in several-to-one matching models, the case is considered in which the
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directors have responsive preferences.

This work is organized as follows. Section 2 presents a brief review of the theoretical
concepts of several-to-one, one-to-one and one-to-one matching with capacity constraints
models. The most important definitions and the results that guarantee the existence of
stability in these models are included. Section 3 describes the several-to-one matching
model with capacity constraints. For directors’ responsive preferences the g-blocking
concept of the one-to-one model with capacity constraint is extended in a natural way
to this new model. Considering two criteria for such natural extension, the concepts
of q-G-blocking and g,-blocking-R are defined. Under the institution’s responsive
preference constraints, the existence of the set of g,-stable-R matchings is shown. Some
of the demonstrations set forth in this chapter are developed in the appendix. Finally, in
section 4, under the institution’s responsive preference constraint, a characterization of
the set of g-stable-R is obtained.

2. Preliminaries: Bilateral Matching Models
2.1 Many-to-one matching models

The many-to-one matching model consists of two disjoint sets D ={d,..,d } and
E={e,..,e} Eachagent e€ E has a strict, complete and transitive preference relation
P overset DU {@} andeachagent d € D hasastrict, complete and transitive preference
relation P over set 2% These preferences determine that an agent f of set £ (0 D) prefers
alternative a to alternative b, where aand b are agents of set D (or subsets of set £), if
and only if aprecedes bin the list of preferences of £. A preference profile is (n+m)-uplas
preference relations of the agents of set Dand the agents of set £and is represented by P
= (P P, ;PP )=(P,,P). Given a preference P, the agents of D preferred by e to

set & are acceptable for e. Similarly, given a preference P, the subsets of £preferred by
dover to set ¢ are acceptable for d.

In order to describe the preferences of an agent, we adopt an abbreviated list that
includes only the agents or subsets acceptable for it. For example,

P=le e}ie)le} P=d,d,

Given two disjoint sets D and £, and a preference profile P, the many-to-one matching
model will be denoted by:

M =(D,E,P)
A solution of the many-to-one mapping model is a mapping that assigns a subset of
agents of Eto each agent of D. Formally:

Definition 2.1 An assignment or matchingis a function y: DUE — 2P°E such that, for
every d € D and e € E, it satisfies:

1. w(e)< D and #u(e)=1or else p(e)=2

2. u(d)e2”

3. u(e)={d} ifand only if e € u(d)

Note 2.1 In condition 3, for language abuse we will use, u(e) = d will be used instead
of u(e) = {d}.

The set of all the possible matchings in model M will be denoted by M.

Given a model A7 = (D, E,P) and a matching zze M the following subsets of D
and Ewill be considered, respectively:

39
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HUE)Y={deD:u(d)+ 3} and u(D)={ec E: u(e)#J}

As usual, the cardinality of sets u(E) and u(D) is denoted by #u(E) and #u(D),
respectively. Set u(E) is a set of agents of set D, which suggests that #u(F) be denoted
as #u and, similarly, #u(D) be denoted by #.u ; that is to say, #u = #u(D) and
# 1= #u(E).

The subset of Emost preferred by dwith respect to the preference P, is called choice
set of agents of £with respect to the preferences of agent dand denoted by Ch(E,P).

Ch(E'.P,)=max{E"c E':E"P,E'}
P,

A matching u e M is individually rational if it is not blocked by any agent.

A matching e M is blocked by a pair (de) if e u(d),dPu(e) and
ee Ch(u(d) e, Fy).

A matching u e M is stable ifit is not blocked by an agent or by a pair of agents.

Given a many-to-one matching model A7 = (D, E,P), the set of stable matchings
in M is denoted by S (M).

A matching s said to be one-to-one if each agent d is assigned to an agent ¢, i.e.
Condition 2 of Definition 2.1 is replaced by: u(d) < E and #u(d) = 7 or else u(d) = &.
The modelin which every matching is one-to-one is known in the literature as the marriage
modelor one-to-one matching model. Such amodel is denoted by M = (D, E, P), P=(P,
,P), P,and P_ being preferences over sets E'U {J}and D U {J}, respectively. M is the set
of all possible matchings in the model and S$(M), the set of stable matchings.

Theorem 2.1 (Gale and Shapley, 1962) IfM = (D, E, P) is a one-to-one matching model|,
then SIM) = &.

It is known that in the many-to-one model, set S (A7) may be empty. (See example
2.7 in Two-sided matching: a study in game-theoretic and analysis[11]). Such a result is
thereason why the literature has focused on the constraint of the preferences of agents d.

Let us consider that for each agent dthere is a positive integer g, called the quota of
the agent dand let us consider the most general many-to-one model M = (D, E,P),in
which the agents d € D consider each agent e € E one another’s responsive.

Definition 2.2 The preference relation P, is q -responsive with respect to the individual
preferences P, over E\U{J} if

- Forall E'c E such that #£' < g, and eg E' verifies E'U{e}P,E" if and only
if eP, .

- @ P E,forevery E'such that #£'> q .

-Forevery £, e'e E' and e'¢ E', it is verified that (E"\{e'}) U {e}P,E" if and
only if eP e’

Note 2.2 To the end of simplifying notation, the expression (E"\{e'})u {e} is written
El\e'Ve.

Remark 2.1 Taking into account the definition of choice, we can state that for q ~responsive
preferences, the following is verified:
-IfeP &, foreach ec E' and #E'< q,, then E'= Ch(E',P, ).

«Ife¢ E'and eP e} forsome e'e E',then e Ch(E'Ue, P)).
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From now onwards, in order to refer to the many-to-one model M = (D,E, P) with
q,-responsive preferences, either of these notations are possible: A/ = (D, E, P,q,) or
M =(D,E,P),with D-responsive preferences.

If foreach d € D, q,= 1, the several-to-one model M = (D, E, P,q,) is reduced to
the one-to-one M = (D, E,P) andforall i€ M, is verified.

#U = # = #U,,
Some valid results, necessary for subsequent sections, are presented.

Theorem 2.2 (Gale and Shapley, 1962) If M = (D, E, P, q,) isa many-to-one model, then
model, then S(M) = .

Theorem 2.3 (Roth and Sotomayor, 1990) Let M = (D, E, P,q,) be amany-to-one model
and pe S(M), for every d € D the following is verified:
If u(d)= &, then u(d)=2,forall zz e S(M).

«#u(d)=#u(d),forall zeS(M).
For agents e € E , Theorem 2.3 is stated in a symmetrical way.

Remark 2.2 Theorem 2.3 indicates that, for a many-to-one model M =(D,E,P,q,), the
set of agents not assigned is the same for every stable matching; therefore, the cardinality
of any stable matching in i =(D,E, P,q,) is the same, i.e.si pze S(i1) and u'e S(M),
then #.u=#p'and # u=# u.

Theorem 2.4 (Roth, 1986) Let M = (D, E, P,q,) be a many-to-one model and e S(M),
forevery d € D, the following is verified:

If #u(d) < q,,then u(d) = t(d), for all 7z e S(M)

The lemma that follows, which will be useful later, shows a relation between the
cardinality of a stable matching of model i/ and the cardinality of a stable matching of
the reduced model M.

Lemma 2.1 (Femenia, Mari, Neme and Oviedo in 2011) Given the several-to-one models
M =(D,E,P,q,) and M, = (D,E',P',q,), with E' < Eand P'={P,,P,}, if 1< S(M)
and p'eS(M), then# u'< #u < #u'+ #(E\E).

2.2 One-to-one matching model with capacity restriction

In 2011, Femenia, Mari, Neme and Oviedo [3] presented a variant to the one-to-
one matching model in which two sets of complementary agents and an institution are
involved. The institution wants to assign agents to do certain tasks which can be carried
out by a pair of complementary agents. It has preferences over each of the pairs of agents
it can assign. Many times, the institution has a quota g, which is the maximum number
of pairs of agents it can assign.

It must be noted that, even though in this model two sets of workers and an institution
are involved, this model is not equivalent to the trilateral matching model introduced by
Alkan [1]in 1986, in which there is no stability.

This model consists of two finite and disjoint sets of agents D ={d,..,d }and E =
fe,,...e_} respectively. Each worker d € D has a strict preference relation' P, over the:
set of agents 2" and each worker e € E has a strict preference relation P, over the set of

41

A preference is a binary, reflexive,
antisymmetric, transitive and complete
relation.
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agents DuU{@}.

Preference profiles are (n+m)-tuples of preference relations represented by P =
(PiP,); P, ,..P., )= (P,,P) and an institution denoted by U. Institution U has a
binary relation R, over the set of all possible matchings M, the empty matching included.
Let P, and /, denote the strict and indifferent preference relations induced by R,
respectively. Suppose now that the institution can assign a maximum number of positions
-quota ¢ < min {n, m}- to be filled; then, only the matchings whose cardinality is smaller or
equal to gmay be acceptable. The institution may choose some matchings of M according
to its preference P, and their quota restriction g. We denote M, = {ueM #u<gqgl

This new matching markeris denoted by M}, = (M, R;,,q). Amatching uis acceptable
forinstitution Uaccording to their preferencesif 4 € M and ,uRU,uz, inwhich z?isthe
matching such that 4?(x) =@, for every x € DU E. Given Mand a quota g < min {n, m},
the institution can only accept assignments of Mwhich are most preferred to the empty
matching according to its preference P, and its cardinal is not larger than the allowed
number of positions #u < g. A matching is acceptable if the partner assigned is preferred
to the empty set. Formally,

Definition 2.3 Given a model M/, an assignment  is g-individually rational if #u < q,
1B, 11° and for every S € DUE suchthat u(f) =3, u(f)P,Jis verified.

Given an assignment € M and a pair of workers (d,e) e Dx E, u, , is defined as
follows:

u(f) if f edd, e u(d), u(e);
Hao()=9 d If f=e

%) otherwise.

Notice that if u(d) = e, then Higey = M-

Note 2.3 The matching u,,,,may not be individually rational. Let us consider a matching
u such that #u = g and let (d,e) such that, if u(d) = @ = u(e), then #ye> 4 and

M, is Not g-individually rational.

Usually, in standard models, (d,e)is a blocking pair if these agents are not assigned
to each other and if they each other to their current partners. Note that in our model,
we may have a blocking pair (d,e)such that the matching that the blocking pair satisfies
is not acceptable for institution U. Will consider two types of blocking pairs for 1. One
type is that which occurs when the assignment pis blocked by a couple of agents in the
institution, already assigned by the matching, and the other is the type in which the
assignment is blocked by a pair of agents, one of whom at least is single. In this case, the
assignment obtained, which satisfies the blocking pair, is preferred by the institution to
the assignment u. Formally:

Definition 2.4 A matching uis g-blocked by a pair of workers (d,e) if
1. eP,u(d),dP u(e),and

2. either
(a) p(d)e Eand u(e) € D,or
(b) K4 1s g-individually rational and g, R, 4,
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Definition 2.5 A matching u is g-stable if it is g-individually rational and is not q-blocked
by any pair of workers.

Given a matching market M/ =(M,R;,q),S(M}]) denotes the set of g-stable
matchings. Notice that in Femenia, Mari, Neme and Oviedo 2011 [3], it was proved
that, under the restriction of the institution’s responsive preferences, the set of g-stable
matchingsis non-empty, i.e. S(M})# . They also obtained a characterization of this
setas: SM ) =T (M)VT_ (M).

Note 2.4 The definition of the institution’s responsive preferences and of sets
T (M)andT, (M) are given in detail in Appendix.

3. Characterization The model

A variant to the many-to-one matching model will be considered now in which two
sets of complementary agents and an institution are involved. The institution wants to
assign agents to do certain tasks each of which can be performed by one agent of a set
of many agents of the complementary set. The institution has preferences over each of
the pairs of agents it can assign. Unlike the one-to-one matching model with capacity
restriction this model matches an agent from set D with many agents from set £ and
the institution has a quota which is the maximum number of agents from £ it can assign.
Since the institution’s quota limitation is given over agents from set £, it is symbolized
with g,. Each d € D has a maximum number of agents from £ with which it may be
designated which will be indicated with g,,. We assume that g, < min{#E,ZdeD q,}.

Thisnewmatchingmodeliscalled many-to-onematchingmodel with capacityrestriction
and denoted by M{* = (M, R,,,q, ). The set of all matchings in this model is symbolized
with M, ,ie, M, ={ueM:#, u<q,} where #; u=tlecE:u(e)#@}=)  #u(e).
The notion of the q individually rational matching of the one-to-one model with capacity
restriction is extended naturally to the many-to-one model with capacity restriction as
follows.

Definition 3.1 Given a model M, a matching u e M is qindividually rational if for
all ee E, u(e)PD, forall d e D, yu(d)=Ch(u(d),q,,P,)and uR , 1°.

Consider the model M =(M,R,,q,) with D-responsive preferences. It is noted
that if for every d € D, g,= 1, the model is reduced to the one-to-one model with
capacity restriction. The objective is to extend naturally to this model the definition of
g-blocking of the one-to-one model with capacity restriction.

Note that considering u(d) # &, in the one-to-one assignment model is equivalent to
considering #u(d) = 1=q_, however,in the many-to-one assignment model this equivalence
is not always is given in the case where #u(d) < q,. This suggests that we consider two
criteria to extend the notion of g,- blocking in this model.In order to formalize both criteria
we define the following matching:

Given a matching ;e M, a pair (d,e)e DxEandE'c u(d) Ve,
u(f) i felde pue)}ud)

CH(E',P)if f=d
Mg ()= da if f=e

H(HMetif S =ule)

(%) otherwise

43
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Considering the first criterion. For that let's define first:

Definition 3.2 A matching u e A7Iqﬁ is g,-blockedin sense G by a pair of agents (d,e) if
1. e ¢ p(d),dF,u(e),e € Ch(u(d) v {e}, F,),and

2. either
(@) u(d)#Dand u(e) # J,or
(b) there exists E'c u(d)w{e} such that ,u(‘file) is g-individually rational and
HigoRy .

If a matching wis g,-blocked in sense G by a pair of workers (de), we write uis
q,~ blocked-G by the pair of agent (de).

Definition 3.3 A matching 1 € M o s q-stable-G if it is q,-individually rational and is
not q,-blocked-G by any pair of agents.

Given a matching market ]\7[gE =(M, R,.q:) S, (Mgﬂ )denotes the set of matchings
q-stable-G.Let us now consider the second criterion, restricting the condition to the case
#u(d) = q,. 1t is worked on in another paper (Stability in matching models with capacity
constraint with agents'responsive preferences, the set of g,-stable-R).

Definition 3.4 A matching u € ]VIqE is g,-blocked in sense R by a pair of agents (d,e) if
1. e¢ u(d),dP u(e),e e Ch(u(d)w{e}, P,),and
2. either
(@) #u(d)=q,and u(e) = J,or
(b) there exists E' < u(d) U {e}, p; ,,, is qg-individually rational and s, Ry 1.

If a matching uis g,-blocked in sense R by a pair of workers (d,e), we write yis g,-
blocked-R by the pair of agent (d,e).

Definition 3.5 A matching 1 € M ., 1s qg-stable-R if it is q-individually rational and is
not q-blocked-R by any pair of agents.

Givenamatchingmarket M/ = (M, R,,q,), S, (M) denotes the set of matchings
q,-stable-R.

3.1 The institution’s responsive preference

Apreference -, of Ulisresponsiveto -, suchthatitsatisfies the following condiition,
for every S, S'e2”,ec Sande'e S' such that §=S"{e} U{e'}, then §~, §' if, and
onlyif e'>, e.

Given a matching market A7 = (D,E,P) and ue M .+ in order to formalize the
institution’s responsive preference, we introduce the notations that follow:

-B,={(d,E" e Dx2" :u(d)=E"}.

Forevery f e DUE,

Dif f{d} UE"
HE)=1dif ek
E'if  f=d
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A preference relation R is a responsive extension of preferences -, and -, ,, such that
it satisfies the following conditions:

i) ©““P,u?, ifandonlyif d -, D, E'>, &

i) uP,u”, if and only if “*"P, 1, for every (d,E") e B,

i) "B, ", ifand onlyif d >, d'

iv) f' R, ) ifand onlyif E'>-, E"

v) Forevery g4, u'e M suchthat B, < B,y uP,i”, then upB,u'

vi) Forevery i, u'e M ,forevery d e D and forevery e € E such that #u(d) = #u'(d)
and #u(e) = #u'(e)then ul '

vii) For every y, u'e M such that u(E) = u'(E), (D)= u'(D)\{e}Uie,} and
e >y e, then u'P u

viii) For every p, u1'e M such that u(D) = u'(D)for every d € D\ {d,,d,} such that
#u(d) = #u'(d), #u(d ) = #u'(d ), #u'(d) = #u(d) then d, =, d,

We consider a preference R to be responsive if there are two individual preferences
>, and >, over DuZand 2F respectively, such that R is a responsive extension.

3.2 Existence of q,-stable-G matchings

For every ¢t € N, we can define the following subset F' < F such that #F =t and
forevery f e F' and f ¢ F' we have that />, f'. Note that F'cF'c..cF'=F,
where #F =1,

Given sets d = {1,2...#D} and e = {1,2,..,.#E}, for every (t,,t,) €d x e, we denote
M2, the restriction of Mto D" and E? i.e, M2 = (D",F?P). In the model A7, let
us now consider only the sets S(i4“") whose matchings have cardinality q,. Given
(t,,t,) e d x e, g, and the following sets of matchings:

S(M“"2)Y if #u = q for every p e S(M "))

T M(tl’t2) —
i ) %) otherwise

and T, (M) = {,U :3 (t,,t,) such that y1 € 7;(1\7[""%))}.

The following proposition gives us some information about the structure of the set
T (M), whose proof can be seen in the Appendix.

Proposition3.1 Given M, = (M ,R,,),(t,,t,) € d x e, thereexists K  d x e, such that
T:IE (M) = U(.:l‘rz)sK]:l(M(tlJz))'

The following lemmas will be used in the proof of the above proposition.

Lemma 3.1 Let xeT, (M“") and (4, Yedxe be such thatt'<tyt, 'st,
u(D)c D" and u(E)c E"™ . Then ueT, (M),

Lemma 3.2 Let (4,,%,) ed xe,and (,,1,") €d xe be such that t,'< t,and t,'< t, Then
i WACED) WACKEY) WACESY WACKZY N
either T (M“"*) T, (M"*)yor T (M )YNT, (M )=9.
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Lemma33 Let (4,,,) ed xe,and (1, ,t,") e d xe besuchthat T, (M) NI, (M= .
Thenexists (,%,) ed xe suchthat 7, (M“*)c T, (M'"?) and T, (M"“*) T, (M%),

The proof of previous lemma are presented in Appendix.

Proposition3.2Let M/ = (M, R, ,q,) beamatching market with quota restriction. Then
T, (M)c Sg(M{r).

The proof of this proposition is in Appendix.

Given M and (t,t,) ed xe, we define the following sets of stable matchings:
T, =, T, ") Being

T, (M“)= {S (M“"),#, 11<q,, d and e are not mutually acceptable, for

every (d,e)e D\ u(E*)x E\ u(D") and e g Ch(u(d) U e, P,) for every (d,e)e

H(E®) < E\ (D"},

The following proposition gives us some information about set 7_ (M), whose
proof can be seen in the Appendix.

Proposition 3.3 Let /% =(M,R,,q,) be a matching market with quota restriction and

K={(t.t)edxe:(V(t, ',V = (t,1,), t,'<t,, t,"<t,: T, (M)~
VAYRZA 1) — ° WAUES)

I, (M) =@ then T, (M) = [, T, (")

The following lemmas will be used in the proof of the above proposition.

Lemma 3.4 Let ueT, (M“*), (1,1,)edxe and t,'< t,and t,’ < t,be such that
{deD:u(d)2 Dy D" {ecE:u(e)# Dy E* . Then e, (M“"").

Lemma 3.5 Let (#,,¢,) ed xe, and (4,'.t,") ed xe be such that t,'< t, yt,' < t, Then
i i () VA V() VAR
either 7 (M) T, (M )=For T (M"*)NT (M""")=0.

Lemma3.6Llet (1,1,) ed xe,and (¢,1,) ed xe besuchthat T, (M“)nT, (M"")=. Then
exists (4,1,) ed xe suchthat 7, (") T, (M“*)and T, (M T, (MT).

The proof of the previous lemmas is presented in the Appendix.

Proposition 3.4 Let MY =(M,R,,q,) be a matching market with quota. Then
T, (M) So(M{).

The proof the of this proposition is in the Appendix.

Now, we are going to show that the set of g-stable-G matching is non-empty.

Theorem 3.1 Let i} = (M,R,,q,) be amatching market with quota. Then S_ (M) = &.
Proof. Let u be a stable matching on M
If #.11 = q,; clearly the matching p e S, (M}F).

If #.1 = g,, we are going to consider the following cases:

Case1: #,u<gq,
Let (¢,,t,) €d x e, be the minimum such that u(E)c D"yu(D)c E". Because
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HE 5'(2\71(’l *2)) and every pairs (d,e)such that u(d) = u(e) = s, are not mut_uaIIy acceptable
and e & Ch(u(d) L {e}, P,), otherwise (de) blocka ,so, then # € T, (M “**’) Whatand
T, (M“*)c T, (M), byproposition T, (M) S (M. Thisimplies g e S, (M).

Case2: #.u>q,.

Let (¢,,¢,) €d xe, such that xeS@M“?). By Theorem 2.3, for every
u1'e S(M)Y, we have that # ' = #_u. Consider the following sequence of matching
o bt ik such that;

. 4" e S(M")and

oIf y' € S(M“); then either 4" € S(M ) or p'*' € S(M ),

By Lemma 2.1, we have that:
AT S A< AT+
and AU <. sHEUT<SHEUSHUT TS S HEU

This implies that either # u*’ = # u‘ or # "' = #_ -1, for every t. Because #u > q,
and # u' < 1, we have that there exists ¢ suchthat #, ,uf =gq,and yf is stable on the
market 7%, thisis u' e S( ) and #, 4’ €q,,.

This implies: ' e 7, (M“*). By Proposition 3.1 we have that T, (M“**)) T, (M)
and by T, (M)c S;(M*) and by previous statement u' e So(M(). Therefore
S (MY =D.

3.3 Characterization of the set of matchings gstables-G

The following theorem is a complete characterization of the g_-stables-G sets
Se(M).

Theorem 3.2 Let M =(M,R,,q;) be a matching market with quota. Then
SeMF)=T, (M)VT, (M),

Proof. By Proposition 3.2 7, (M) < S;(M*), by Proposition 3.4 T, (M) < S, (M)
then it follows that: 7, (M)W T, (M) So(MF).

We now demonstrate that S, (M) =T, (M)UT, (M).

Be e S, (M),(t,t,) ed xe minimal such that #(E) < D" and (D) < E".

Let us show that ueT, (M)or ueT.,, (M).

As ueSo(MF),#, 1< q,then we consider the cases in which #,u<g.and #, u=q,.

If #,u < q,, we provethat u € T, (M“").Supposethat & T., (#“"").By definition
ueT., (M™) we have the following cases:

Case 1: p g S(M“"))
In this case there exists a blocking pair (d,e) € D" x E* which is pair g-blocking-G
for wover M/ and this contradicts that € S, (Mr).

Case2: u e S(M“")andexists d ¢ u(E") and e ¢ p(D")aremutuallyacceptable.

As d ¢ p(E") and e ¢ u(D") this follows that u(d) = @ = u(e). Since #.u < q,,
exists £'={e}and the matching #(; , is the matching containing the assigned pairs in the
matching , to which the pair (d, e)is added; therefore, B, c B#(,,d‘“ and by the condition v)
responsive extension s, ., Ry, it.

Moreover, since dand eare mutually acceptable, and taking into account the definition
ofthe matching 4, ,,itis verified 4/, , is g-individually rational. For previous statements,
the pair (de) g-blocking-G to u and this contradicts that e S;(M /7).
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Case3: 1 e S(M "), forall d ¢ u(E™) and e ¢ p(D")are not mutually acceptable
and exists (d,e) € 4(E")x E\ u(D") such that e € Ch(u(d) U {e}, P)).

As (d,e) e u(E*)x E\ u(D"), such that e € Ch(u(d) U{e}, P), exists E'= u(d) U {e}
and the matching g, , is such that B, c Bﬂf;’.ﬂ. then by the condition v) of responsive
extension u; R, .

Moreover, as e € Ch(u(d) U {e}, P,)), and taking into account the definition of the
matching, u(;, itis verified: 4, is g-individually rational. For previous statements,
the pair (d,e) g-blocking-G to uand this contradicts that x € S, (M ).

Finally,if #,u=q,as ue S, (M) then uis not qblocking-G by any pair of agents,
therefore yis a stable matching at some A7) Thatis, u € S(M ") and #.u=g,, which
implies that e T, (M“*)cT, (M).

We can the conclude that:

— _ _
S, (M) T, () UT, (M)
Of the two inclusions shown we can say:

Se(M{F) =T, (M)UT, (M)

4, Comments and Conclusions

Among the different examples of many-to-one markets and matching problems
linked to them are those of institutions subsidized by the state and the employees to
be hired. The characteristics of this market generate problems that affect mainly those
groups of competent low-income workers. Because of this, it is necessary to design long
term integral strategies to produce equitable solutions for both the institutions and the
workers; for this purpose, state actions should focus exclusively on sections qualified
for certain tasks, which currently do not have access to work in institutions. Now, the
state budget is limited and, as a consequence, it is often not possible to carry out all the
possible matchings between institutions and workers that ask for that benefit. In other
words, this model consists of a set of institutions, a set of workers and the state. Each
institution has preferences for potential workers, each potential worker has preferences
for potential companies, and the state has a priority over the possible“company-workers”
pairs that can be agreed on.

This new model solves the problem in which the companies and the workers match
with each other in such a way that they satisfy a stability property that depends on the
preferences expressed by the participants and the state’s preference. This property consists
of no worker (company) having to work (hire) for an institution (workers) he cannot, or he
does not want to work for. In addition, there is no “company-workers” pair preferring to
reach an agreement different from the one assigned by the state; finally, all the “company-
workers”pairs which reach an agreement are accepted by the state and do not exceed the
budget it has. When this does not happen, the“company-workers”pair is said to block the
matching.Besides, asolutionis presented to problems such as the state’s budget cuts or the
assignment of money to other services for different reasons - global financial crisis, Covid
19 pandemic, etc. In this context, the assignments granted have to be interrupted and the
new ones have to satisfy the stability property.

This work guarantees that the state’s actions to give solutions in matters of work in
accordance with workers’ qualifications, with a limited budget, can be carried out with
success for both the state and those who have access to the benefit. In other words, it is
feasible to find solutionsimmune to the possibility of companies and workers not agreeing
on the benefit distribution, or of the state not making a good distribution of the budget
assigned. Even if the state’s budget has to be cut, solutions as well as means to achieve
them can be found. The difference from the jobs listed is that | now work in a many-to-one
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matching with responsive preferences for one side of agents.The previous ones are from the
one-to-one matching and with responsive preferences for the two sets of agents. There are
also many-to-one results with other types of agent preferences. Although the g,-stability-G
in this paper is guaranteed, the g,-stability-R of the model has already been studied. Also,
the many-to-many matching models with quota restriction are being studied.
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Appendix

Lemma A.l1Let pue?, (1\7(“2) yand (4,',t,') edxe be such that #,'<¢, and ,'<t,, (D)< D"’
and ((E)c E% . Then ueTl, B4y,

Proof. Because u(D) S D% and u(E) € E®, y is a matching on f(t1:2),

Let's suppose u & S(M (fi'té)), then there is an agent or a |pair of agents that blocks

1 on M@ gt C Ef2 and DY © D', then the agent or the pair of agents that blocks

at i on M) is an agent or a pair of agents that blocks y on M(1%2) This contradicts the
hypothesis, therefore p € S(M®42)) and we can conclude that u € Ty (M ey,

Lemma A.2 Let(¢,.t,)edxe,and (4,',t,") edxe besuch that £,'<t,y¢,'<t, . Then either
Ty (M) € T, (M) or T, (M) 0 T, (M) = o,

Proof. Assume that T, (M(+t2)) n TqE(IVI(IQ'tZ’)) # @; we are going to show that T, (M¢1t2)) ¢
T, (M2,
If p € Ty (M0t2)) 0 T, (M), then p € T, (M“242)) and p € T, (14),
Since y € S(ME12)), that is, the agents of D that are not singles, are in D¢1and the agents of E that
are not singles, are in Eté; formally:

u(D) € D% and u(E) € E*. (A1)
Let be amatching ji € T, (M42)); we will show that ji € TqE(IVI(tLté)).
Since i € Ty, (M*2t2)) and furthermore, p € T, (M“*2)), then u and i are both stable in the

M®2t2) model. Therefore, since P, is qg-responsive, by Theorem 2.3, both matchings have the
same set of singles, then we obtain that:

{d € D: ji(d) # 0} = {d € D: u(d) # ¢} € D,

{e €E:fi(e) # O} = {e € E: p(e) # P} C E*2.

By Lemma A.1, we can conclude that i € T, (M),
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Lemma A3 Let (4.5,)edxe, (4,',1,") edxe be such T, (Mt 0 T, (M(1142)) % @. Then
exists (£, ;) € d X e such that

TqE(M(tl'tZ)) c TqE(M(fl.fz)) and (M(t{.fﬁ)) c TqE(M(fl'fZ))_

Proof. Let i € T, (M®2)) n TqE(IVI(ti'tZ’)). Let (,,,) € dxe be, such that £, = min{t,, t]}
and £, = min{t,, t3}.
Since p € Ty, (M(tl'fZ)), we have that
{d € D:u(d) # @} S D'rand {e € E: u(e) + 0} S E=.
Because p € Ty, (M(ti't;)), we have that
{d € D:p(d) # 0} € DY and {e € E: u(e) # @} € E%.

Hence we have that
{d € D:u(d) # @} € D' and {e € E: u(e) # @} C E2,

By Lemma Al u € TqE(M(E1’E2)),
Which implies that
TqE(lW(tl'tz)) n TqE(IVI(fl'fZ)) # @ and TqE(M(f{'fz')) n TqE(]V](fl,fz)) £ Q.
Then Lemma A.2 implies that
TqE(M(tl,tz)) c TqE(IW(Elm) and TqE(M(t{.tz’)) c TqE(M(flm)-

The above lemmas allow us to demostrate:
Proof A.1 Given M, = (M, R,,), (t*,s') edxe, there exists K —dxe, such that

Tq(M): U Tq(M(t*'S*))

(t*SEK

Proof. Let K = {(t,t;) € dxe:V (t],t5) # (t1,t;)t] < tit5 <t such that
TqE(M(tlvt2)) n TqE(M(‘l'tz)) = @}.

First we show that T, (M) = Uy, ¢yex Tas (M“22)) and second that such union s disjoint.

By definition of Ty (M), we have that:

e _
T, My e, (1) (A2)
(t1,2)EK

We are going to show that

T, (M) € U T, (F(152)

(t1l2)EK
Let p € Ty, (M) = Ug, tyen Tgs(MU+*2)) by, then exists (t1,t;) € dxe such that u €
TqE(M(tlvtz)).
Assume that (ty,t;) € K then, exists (t],t3) # (f1,t;). such that T,(MUr2))n

T,(AC) 2 ¢
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Let (t{,t;) € dxe by, the minimal pair such that
HE Ty (M43, (A3)
That is, for every (ty,t;) # (¢7,t5),6 <t y t; <t; which implies that TqE(IV[(t;t;)) n

Typ (MEEd) = @,

We are going to show that (¢{,t;) € K. Assume otherwise, that (¢t{,t;) € K, then exists
(8, t3) # (¢, £5), with ] < t7, t5 < ¢ and T, (M) 0 T, (ME2) = 0.
Por Lema A.2
T, (MEE) TqE(M(tLté)). (Ad)

By (A3) and (A4), t € T, (M“142)) but this contradict the minimality of (¢, £5).
Consequently p € Ty, (M©2), with (¢, t5) € K. thus

UE U TqE(M(tl'Q)).

(tyt2)eK

Hence we have

TQE(M)Q U TQE(M(QIZ))

(t1t2)EK
By (@).
TqE(M): U TqE(M(tlvtz)).

(tot2)eK

Now, we are going to show that such union disjoint.
Assume otherwise, (t{,t;) €K and (¢,t)) €K, such that TqE(IW(ti'tZ’)) n
T (MG + ¢,
By Lemma A 3 exists (t;,t;) € dxe, with t; < min{t}, ¢/}, i = 1,2 such that
T, (MG c T, (MER)) and T, (M=) c 1, (MEE),

Contradicting (t1,t5) € K and (t{',t;) € K, which concludes proof.

Proposition A.4 Let M7 = W, R,,.q;)be a matching market with quota restriction. Then
Ty (M) € S(M").

Proof. Lety € T, (M) by and assume that u & S(ME). Exists(ty, t): pt € T, (M), Since
U € S(MU1%2)) and #zu = q, we have that y is gg-individually rational. Let (d,e) by a qg-
blocking pairs to y, that is:
1. e & u(d), dPu(e), e € Ch(u(d) U {e}, Py) and
2. either
(a) #gp(d) = qq and pu(e) € D or

(b) exists E' € u(d) U {e} such thate € E’,‘uae) is gg —individually rational and

sy Rutt.
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We are going to consider the following cases:
Casel.d €D* ande € E"

By condition 1. yu ¢ S(M{12)), a contradiction is rached.
Case2.d € D' ande € E®2

Asd & D', then d ¢ u(E).

If u(e) = @, then E' = {e} it is verified #E#a,e) > qg, since #pi = qg and contradicts
condition 2. b). Then itis u(e) # @

Since u(e) # @, then u(e) € D** and since d ¢ D', it is verified

u(e) >p d. (AS)
There exists only £ = {e} for which ,ufc;_e) is gg-individually rational, being:
k() if fé{deune}
Ch(E', P;) if f=d
Hfd,e)(f) =4d if f=e
Ch(u(H\erPr) if f=ule)
o if otherwise
Then,
1(D) = ufy oy (D) and pufyp(E) = w(E) U (d}, (A6)

Moreover, for all d' € D\{d, u(e)} itis verified #u(u(e)) > #j(u(e)) and #ji(d) > #u(d).
Then, from (AS), (A6) and condition viii) of Ry responsive, uPUuﬁ;_e), contradicts that (d, €) qg-

blocks p.

Case3.d € D" and e ¢ E®2
Ase ¢ E®2 then e & u(D).
If u(d) = @ one arrives idem Case 2. Contradiction, then it is u(d) # @
Since u(d) # @, then for all ¢’ € u(d), E' € E*2 and then since e ¢ E'2, it is verified
e' >pe. A7

There exists only E' = p(d)\{e’ U {e} for which ,uae) is gg-individually rational.
From (A7) and because >, is responsive, is verified u(d) >,z E'.
Considering:

, u(f) if felde}uulel
B=pae(H=E if f=d
d if f=e
Since u(E) = g(E), u(D) =a(D)\e' Ve and e’ >; e then, by item vii) of Ry responsive
verifies jiPyu and contradicts that (d, e) gg-blocking y.
Cased.d € D'r and e ¢ E*2

Since d & D't and e & E*2, then u(d) = u(e) = @, then for all E":e € E’, #Ey(Eé_e) < qg and is

not gg-individually rational.
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Lemma A.S Letuel, (M), (1, 1) €exdand t,'<t, yt,'<t,be such that

{d € D:u(d) # @} S D™, {e € E:p(e) # @} € E . Then peT, (M“")

Proof. Let p € Tey (M(t2%2)); since {d € D: u(d) # 9} S D' and {e € E: u(e) # 0} € E%,
then y is a matching in (12,

Moreover E* € Et2and DY € D%, then any agent or pair of agents that blocks  in M(4#2)is an
agent or pair of agents that blocks p at (1), Then pu € S(ME1),

By hypothesis p € T, (M*142)), then #u < g and for all (d, €) € D\u(E'2) x E\u(D"), d and
e are not mutually acceptable.

Since u(E®) = p(E%) and u(D™) = u(D'), then for all (d, e) € D\p(E™) x E\u(D'), d and
e are not mutually acceptable and e & Ch(u(d) U e, Py) for all (d, €) € u(E') x E\u(D%).
Therefore 1 € T<qE(1VI((t;'fZ’)).

Lemma A.6 Let (¢,,t,)edxe,and (#',t,') edxe be such that £,'<¢ yt,'<t,. Then either
Tegp (M) € Ty () or Ty (ME12) 0 Ty (M) = 0,
Proof. Be (£,,t,)edxe, and (£',t,")edxe, such that t{ < t; and t) < t,.
Suppose that T, (M“2)) n T<qE(M(t{'t£)) # @; let us show that
T<qEUW(t1‘tZ)) c T<qE(M(t1‘t2))-
Ifue T<qE(M(t1't2)) NTeqy, (M(ti'té)). Since u € T<qE(M(t£'t2’)), i.e., alld € D that are not singles

arein D' and e € E are not singles are in EfZ’; formally.
{d € D:u(d) # @} € D' and {e € E: u(e) # @} € E®. (A8)

Let fi € Teq (M142)) be a matching, let us show that i € Teg, (),
Since I € Ty (MU¢1%2)) and furthermore, pt € T<qE(I\7I(t£'t2’)), we have that
p € Tegp(MU*2)), then p and jz are both stable in the model M (*+*2). Therefore, by Theorem
1.5, both matchings have the same set of singles, and taking into account (A.8),
{d € D: ji(d) # 0} = {d € D: u(d) # ¢} € D,
{e € E:fi(e) # @} = {e € E:u(e) # 0} S EL.
Then, by (8) and Lemma A.5, we can deduce thatji € T<qE(IVI(t£‘t2’)). n

Lemma A7 Let (t,t;) €dxe, and (&'6)€Edxe, such that Teq,(ME2)n
T<qE(M(f{'t£)) # @, then there exists (&, ;) € d X e such that:

Teg (ME2) € T (MEE) and T, (ME12)) € T, (MEE),

Proof. Be(#,,t,) edxe, (¢],t3) € d X e and y € T, (M©12)) 0 T, (ML),
Since py € T<qE(IV[(t1't2)), the agents of D that are not singles, are in D1, and the agents of E that
are not singles are in E*2, formally

{d € D:u(d) # @} € D' and {e € E: u(e) = @} < E®2. (A9)
Analogously, since u € T<qE(1\7I(t{'t§)), the agents d € D that are not singles are in D%tand those
of FE that are not singles are in Et2’; formally:

{d € D: u(d) # 9} S D% and {e € E: u(e) = 0} S E©. (A10)
We define (;,%,) € d X e, such that £, = min{t;, t{} and t, = min{t,, t;}.
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Then, what is obtained in (A9) and (A10) we can express as follows:
{d € D:u(d) # @} € D1 and {e € E: u(e) # @} S E®. (AlD)
By the way we define t; and ,, it is verified thatt; < t;and f, < t, and taking into account (A11),
it is possible to apply Lemma 3.4, then
€ Teqy (M),
Resulting,
Teg (M) N T, (MG + ¢ and T,(ME2) 0 Ty, (MEE) % @,

Then, by Lemma A 6, Tey, (M) € T, (ME2)) and T, (M) € T, (MEvf2)),

Proposition A.2 If 117155 = (M, Ry, qg) is a many-to-one model with capacity constraint and K =
() Eex AV (¢, 85) # (b, 6) & <t t) <t suchthat Teg (MO N

Teq (M) = B}, then

Tegp = | ] Tegpr
(tyt2)€ER
Proof. Let K = {(t;,t;) € e x d: forall (¢],t3) # (t1,t;)

8 <t ty <ty and Teg,(ME1)) 0 Toy (M) = @},
We will first prove that

T = | ] Teguia
(tut)ER
and then that such a union is disjunctive.

Since K < N by definition of the set Teqz (M), it is verified:

| 7o, (™) e 00 (412)

(&1,£2)ER
Let us now show that

TS | ] Tegita
(tyt2)€R
Let

T = | ] Tegi1C2)
(fl'fz)ff?_
Then ther exists (£, t;) € e X d such that p € Ty (ME2t2),

If (ty, t;) € K, the equality is proved. If (t;, t;) € K then there exists (t], t5) # (t, t;), such that
Te g (M) N Ty (G2 % 0.
Let (t{,t;) € (d X e) be a minimal such that.

1 € Teg (ME112)), (A13)
ie, for all (6,%)# (t],65), 6 <t/ and T, <t it is verified that T, (ME%2)n
T(qE(M(flfz)) =0.

Let us note that (t7, t) always exists since i € Teq, (M*42)). Moreover, if (f;, ) does not exist
under the above conditions it is (t;,t;) = (t], ;) and otherwise, (ty, t5) = (t;,t3).

Let's prove that (t],t}) € K

Suppose that (tf,t;) € K, then there exists (tl,t3) # (t/,t3), being t! <tf, t; <t} and

T(qE(M(t{.tz')) n T<q5(1\71(ti.f§)) = 0.
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By Lemma A.5
Teq (M) € T, (R(212), (A14)
From (A13) and (Al4), u € T<qE(1|7I(t£'t2’)) and this contradicts the minimality of (¢, £).

Therefore

[ E Ty (MED) U Ty (A1)
(tyt2)€R

With (t;,t)) € K, then

Teqs(M) < U Teqp(M442))
(t1,t2)ER

From (A12) and (A14) it is shown:

Teqe(M) = U Teqy(M®112)

(ta.t2)€R
It remains only to show that this union is disjoint.
Be(t!,t}) EKy (t!, /) €K.
Suppose thatT<qE(IW(f{'t2’)) NTeqy (MDY £ @,
By Lemma A6 exists (£, t;) € e X d, with ¢; < min{t], t/'} for i = 1,2 such that
Tegp (M) & Teg (MB52)) and Teg, (ME'42)) € Ty, (MEE),
contradicting this that(t], t5) € Ky (tJ',t}') € K.

Finally we conclude:

T<QE(M) = U T<GE(M(t1'f2))

(t1,t2)ER
Proposition A.8 Let i7" = (]\7 ,R,;.q;)be a matching market with quota. Then

Teqpy (M) € S(MZE).
Proof. Let u € T<qE(]W)and suppose that y & S(IWZE).
Since p € T<q (M), there exists (ty, t): t € Tq (MU+42)). Then p € S(MUE2)), #pp < qp, d
and e are not mutually acceptable for all (d,e) € D\u(E*?) x E\u(D*') and e & Ch(u(d) U
e, Py) forall (d,e) € u(E') x E\u(D')}. Therefore y is gg-individually rational.
Ther exists(d, e) that gg-blocks p, then:
1. e & u(d), dPu(e), e € Ch(u(d) U {e}, Py) and
2. is verified:
(a) #u(d) = qq and p(e) € D or
(b) there exists E' S u(d) U {e} such that e € E’, ”5,6) es g —individually rational and
Iil(sar,g)RUIL
Since(d, e) € D x E, D' € D and E*2 € E, let us consider the following cases:
Casel.d € D'* ande € E*
From condition 1. it is verified u ¢ S(M®v%2)), a contradiction is reached.
Case2.d & Dhand e € E®:
Since d & D*1, then d & u(E)
If u(e) = @, then e & (D) and since d & D', then d & u(E*?), since d and e are not mutually
acceptable, this contradicts condition 1. of. qg-blocking. Then it is u(e) # @
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Since u(e) # @, then u(e) € D' and since d & D1, is verified
ue) >p d. (Al5)

There exists only E' = {e} for which y(Ed"e) is qg-individually rational:

u(f) if  fé{deu(e)
, Ch(E', Pf) if f=d
Ml(Ed,e)(f) =4d if f=e
Ch(u(MH\e},Pp) if [ =ule)
(0] if otherwise
Then,
u(D) = ufy. (D) and pf o (E) = u(E) U (d}. (A16)

Moreover, foralld’ € D\{d, u(e)} #u(u(e)) > #i(u(e)) and #(d) > #u(d) are verified. Then,
from (A15), (A16) and condition viii) of Ry responsive, uPUua_g), contradicts that (d,e) qg-
blocks p.

Case3.d € D' and e ¢ E'=

Ase & E®2 then e ¢ u(D)

If u(d) = @ one arrives idem Case 2 (because d and e are not mutually acceptable). Contradiction,
then itis u(d) # @.

Since u(d) # @, then d € p(E®).

Since e & E*2 then e € E\u(D'). Then, e & Ch(u(d) U e, Py). It contradicts condition 1
Cased.d € D' ande ¢ E

Since d € D*'and e ¢ E*2, d and e are not mutually acceptable and contradicts condition 1.
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