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Abstract: The article presents an unified consumption and production model for a closed economy.
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1. Introduction

Let consider n goods: Gy, ...,Gn whose elasticity of utility is constant, their prices being py, ..., pn. FoOr a
consumer whose available income is V, the utility function corresponding to the consumption of X,
units of good Gp, p=1,n: U(X,..., X, )= Ax%..x% where ay, is the elasticity of utility in relation to the
good Gy, and A is a positive constant.

n
The issue of maximizing the utility relative to the restriction: > p,X, <V is:
k=1

max U(X,,..., X, )

n
2 PX <V
k=1
Xy Xy 20

Considering the Lagrangeian:
DXy Xy ) = U(Xg oo X, ) + x(Zpkxk —V)
k=1

the maximum condition with restrictions must satisfy:
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By re-replacing, we get the optimal solution to the problem:
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Let us also consider a producer with a number of K capital units, having the price of pkx and L workers
whose hourly wage is w for a working time t. If the elasticity of production in relation to capital and

labor are constant, the function of production is: Q(t, K, L)= CKPL" where B and y are the elasticities
of production in relation to the capital, respectively the labor, C being a constant.

Total cost of production: CT =p K +twL leads to a gross profit corresponding to a sales price p:
n(t,K,L)=pQ(t,K,L)-CT = CpKP LY —p, K —twL .

For a given production Qo, the profit maximization condition returns to minimizing the total cost, so to
min (p, K + twL )

the problem: {CKPL' =Q,
K,L>0

Considering the Lagrangeian:
D(Xyons X 1) = K + WL + A(CKPLY - Qg )

the minimum condition with restrictions must satisfy:

oP _ B-1yy _ x:_p—K
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The maximum profit is:
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2. The Model

Suppose there are a number of n firms: F4, ...,Fn each having a number of L; employees, i=1,n where

we will include, for simplification, the entrepreneur of the firm. Let w; - the average hourly wage for
Fi, ti - the working time during the analysis period in F;. We will also assume that F; produces a single
good (of constant elasticity): G; whose sales price is pi.

From the total revenue received, each employee pays a tax quota to the state budget v .

For health insurance, pensions and other services that will later be paid back to employees, they pay a
share & of the salary received. Let us consider the providers of these services (a single service Gnsj,

j=1,m for each firm) as being the firms Fn1, ...,Frem €ach having Lnj, j=1,m employees (including the
entrepreneur), with wy.j - the average hourly wage corresponding to the company Fy+j and ta+ - the
working time worked during the analysis period in Fn:j. The service price offered by Fn.j will be pnsj,

j=L,m.
Therefore, the tax paid by each employee will be: Ty=yw;t;, i=L,n+m and for public services:
Ts=Ewit,, i=L,n+m.

The revenues available to F; staff are therefore (for each individual employee): Vi—( e &.) it

i=L,n+m.

On the other hand, the amount of salaries received by service providers comes from the share &

n+m

therefore: E_,Ziw t,L; an+J nijlnsj OF anﬂ i ””_12;\/\/
i= j=1 i

The entrepreneur of Fi, i=1,n +m will allocate the profits made for investments that will be considered
as goods produced by firms. Let us consider the output of F; as: Qi(t,Ki,Li)=C,KP LY where fi and yi
represent the constantly assumed elasticities of production relative to K;, respectively Li, Ci - positive
constant. At a price of capital py , the total cost of production in Fi becomes: CTi=p, K; +t;w,L;.

Therefore, at a sale price p; of the G; asset, Fi's profit is:

m=p,Qi(t K, L )—py Ki —tw,L, = pCKPLY —py K, —tw,L,

The Fi's firm's entrepreneur income will therefore be just that w;, i=1,n+m.

Let considering the set S of social assistants (pensioners, people without income etc.) with a number of

M people whose incomes represents a share p of the taxes paid by employees (the remainder being

allocated to government consumption, public works etc.). Their income will therefore be:
n+m n+m

p(TPb +TS ) px >_w;t;L; and the average income per person: T\jl( > witil
i=1

i=1
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In the following, we will consider that the utility function of any employee of a production, service or
social assistance company will be the same for all consumers within the category (it may be different
from company to company — as an example, the utility of books is different for employees of an
educational establishment and another for meat producers). In addition, we will assume that all the
production of a company will be sold.

Consider the utility functions for an employee of Fi: Ui(xil,... X; ) AXELX e i=1n +m

' A,n+m i,n+m

where X;; represents the quantity of good G; consumed by an employee of F; and for social assistants:

Ug(Xgrrrer X, )= AXS2.X%0m where X; represents the amount of good Gj consumed by a social

1%Nn+m n+m

assistant.

The utility functions of the entrepreneurs in the investment activity will be:

U, (Vi ¥in )= ByySt.ySn | i=1,n+m where y; represents the amount of good G; consumed by the
Fi’s entrepreneur.

Every employee and entrepreneurs want to maximize their utilities in the context of disposable
income, so problems arise:

MaX U, (Xigeens X o )= AKX

' Ai,n+m i,n+m
n+m

. Zpk W <L-y-8wit, - for company employees Fi, i=Ln+m;
Xll’ Xl,n+m >0

maXx U (Xli " n+m) AXOM grr;]n
n+m n+m

. Zpkxk < T\/)IC ZW tiL, - for social assistants;

Xll’ " Xl,n+m = 0

max U, (Vig.---, Vin) = BiY 3. yor
. Zpky,k p;C; KB' L — Pk, Ki —=tiwiL; , i=Ln+m - for entrepreneurs.
yll’ 1y|n = 0

It follows from the above that the optimum quantities of products are:

* aij(l_ xX— E,~)Witi

. Xij = — ,j=Ln+m - for company employees Fi, i=L,n+m;
P; D ik
k=1
n+m
Zwt L;
. x?zT,szn+m - for social assistants;
szak
k=1
. opCKPLY —p K —twlL, .
. Y= LN 'nﬁK‘ - j=Ln+m - for entrepreneurs.
P; 2. 8i
k=1
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Therefore, the amount of required G; needed is:

m+n m+n

QJ_ ZLI |1+M;X}<+ Zl,y;:

n+m
o(m+n w.t.L. -
”i”L_ oWt +pX J( )E e +i”i" 6ijpiCiKPl Li' — Py Ki —tiwil i=ln+m
4 I n+m n+m & n+m ' ) .
Pi = D Ok P; 20 Pj = > Sk
k=1 k=1 k=1
Returning to the problem of maximizing Fj's profit for the quantity Q; we have:
min (ijKj +thij)
CKILY =Q, ,iELn+m
K;L;=0
from where:
Bj
* QJ( pKJ’Y] ]Bj‘*"‘/]
| =
G\ Bitw;
i
Kj —&( Pk,Yj JBﬁ%
Ci\Bjtyw;
Noting for simplicity:
oS xm+n (o8 _ S.
S'_W't' » Fij= n+nl1J : ! Uj (n+m )a ' ngﬁ ) Zi= nf)rrlfI ! fi: n+mI !
Zaik D0 pRI Zaik ZSik
k=1 k=1 k=1 k=1 k=1
Bj i
pKJ’YJ ﬁ]‘PY] pKJyJ Bj+yj
BtW P 7 Bityi B+ BtW T .
g= ) — 1) =g, P (Cp " from where: ~ 1/ :gfl’(ijj B,
Cip; Bitiw; Cip;

we find that:

L =g .(( g a)mfr” L +u, zms le( KL — 2K fL)j
i

d'k_gl (Cpe f (( -X- ‘:)anu I+u ZS +n:Z(V”K,B'LY'—ZK fL)j

or, in other words:

m+n

L*jzZg-(rij(l—x—a)Jru-si )+ng”K,ﬁ'LV' ZgjziK,*
i=1

Yi
m+n
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Noting again:

. Yl,ijzgj(rij(l_X_g)Jijsi _fi)

Y=gV
° Y3,ij= 9iZ;
no,
. Y 4= 9?1 (ijj Bj_l(ﬁj(l_X_§)+Uj5i _fi)
Y Vi
. Y=g’ (Cp, by v,
woo,
K b
. Yei=a)' (Cpile 'z,
we obtain:

m+n

m+n
L - ZYllel + ZYZ uK b L : Z;;Y?),ini
1=

JFLn+m
m+n m+n [3 Y m+n -
K = Zl:YMLI + ZYSUK L Zl:YﬁviiKi
i=

The system solution will provide the optimal number of employees of each firm as well as the required
capital.

n

On the other hand, provided that: an+J neibns —%Z L, follows:
=1

m - E,; n N

zwn+jtn+j|—n+j zl_zwitil—i -

i1 —&i

By replacing the above optimal solutions, we obtain the link between the two quotas (the only ones
that are imposed at government level): y (tax) and & - for health insurance, pensions and other

Services.
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