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Synchronization of Capacitated Vehicle Routing Problem
among Periods®

Juraj PEKAR — lvan BREZINA — Zuzag4CKOVA*

Abstract

The routing problems are one of the most imporfanblems in the field of
logistic with great practical applicability. Thisrécle deals with synchronized
distribution during time periods. It is based ontiopzation using classical ca-
pacitated vehicle routing problem while providindferent customers’ demands
among time periods. The goal is, except the miaitioiz of the total distance, to
achieve the stability of solution among the timeaquks, which contributes to
simplification of transportation planning. Althougising of the presented model
can lead to a partial increase of distribution cosh the other hand it ensures
more transparent routes argliminates the need for daily optimization. There-
fore it brings a positive effect for distributordrivers and customers that may
result in greater economic benefits than the berfedim the optimization on
a daily basis.

Keywords: capacitated vehicle routing problem, multi-periogshicle routing
problem, synchronization of distribution

JEL Classification: C61, C90, L91

Introduction

Transport services constitute an important arepliaceable part of the tacti-
cal and operational decision-making in many comg&nlransport costs repre-
sent a significant portion of total company coste (share of logistics costs on
the total costs is within the range 10 — 25% (BraAickova and Reiff, 2009)
as well as its quality significantly affect custansatisfaction.
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The problem of material distribution planning geally remains an attractive
theme. Its topicality is mainly determined by thegoing economic and ecologi-
cal processes that primarily interfere with tadt@ad operational management
of distribution and forwarding agencies. Constarthanging fuel prices, in-
creasing tolls for lorries, still closer supervisiof overloading of trucks (every
third controlled vehicle is overloaded causing rdadhage and affecting safety),
reducing the permitted emission levels, these asegome of the reasons why
transport companies try to minimize transportatbmst. Expenses can be de-
creased by minimizing mileage, optimizing utilizatiof the vehicle and in that
way also improving environmental performance (duesy — 10% reduction in
fuel consumption in the case of road transport ¢eeg distances brings very
important economic and environmental added value).

The optimization of material distribution and disghing routes typically
involves reduction of company’s transport (andtesla expenses. Saving direct
kilometric costs, however, may not be the only ien®ther benefits include
a lower number of vehicles in use, shorter distriyutimes, and better customer
service which together produce positive effect$ tha play an important role in
the competitiveness of the company. Related ceslisction can be supported by
using of mathematical models of various routingbpems that constitute not
only popular math problem, but in its different nfations also offer economi-
cally interesting practical applicability. The maeanent of physical distribution
of commodities is interesting not only for its preal relevance, but also for
theoretical research, because a lot of relatedlgmub belong to the NP-hard
problems. The economic impact of optimization aésh problems can lead to
considerable savings in logistic costs and in thay assist in increasing the
competitive advantage of many companies.

This article focuses on the synchronization ofac#tated vehicle routing
problem among periods, which was designed uponestqof company with
regional scope that implements regular daily dejiv®istribution routes were
often changed depending on the customers’ demalmigadays many distribu-
tion and forward agencies are forced by increasedptexity of daily traffic to
prefer some stability of distribution routes oveel/day route optimization. In
the case of a relatively stable demand with lowddad deviation (e.g. distribu-
tion of medicinal products, food and bakery prodwgtc.) may be interesting to
create a compromise between everyday optimizedilisbn and a “synchro-
nized” distribution. This “synchronized” distribon is based on the expected
daily deliveries, but providing such a shortestiiteal daily route meeting all
customers’ demands.
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In the following, the authors present the probleinstabilization of distribu-
tion, as well as model approach and its applicafibethematical model is based
on solving everyday isolated dispatching routes paper is focused on design-
ing the model for solving the problem of stabletesuspecification. Empirical
analysis is aimed on determining daily consistentes of distribution.

In the first part authors present assumptionsfandulation of a capacitated
vehicle routing problem, which was used as thesbfasi further modelling and
analysis. The second part is focused on modelraftepnization of vehicle rout-
ing problem among periods. This section containth the assumptions on
which the model is based and also the mathemdbtcadulation of the model.
The model enables determining the stable optimlatisa of the distribution for
a given time horizon. The experiments are containgtie third chapter, which
is dedicated to solving real distribution problamthe district of Pezinok.

1. Literature Review

The problem of distribution optimization belongsthat class of math prob-
lems, which is in the spotlight since the early 60¢he last century. One of the
most important and well-known problems in this dilis capacitated vehicle
routing problem (CVRP) (e.g. Desrosiers et al.,5198olden, Raghavan and
Wasil, 2008). The goal of the problem is findingclsuowest cost vehicle(s)
routes from origin to the customer that begin and & the origin so that each
customer is visited exactly once with exactly omdigle while the no vehicle
capacity is exceeded and the requirements of atboers are met.

Vehicle routing problem mainly focuses on solviimgblems of daily opera-
tional planning of vehicle routes and enables dptirg the size and composition
of vehicle fleet, the location of delivery pointgptimizing storage location etc.
It is oriented on fixed route optimization providino substantial change in cus-
tomers’ location.

Practical requirements often bring the necessitglémenting delivery on
a daily basis. While optimization of distributioarfeach day separately allows
optimizing delivery based on daily requirements anistomers, it can lead
to daily changes in dispatching routes, which caose complications when
planning a route for the driver. Therefore disttibn companies quite often fall
back to a certain unification, which not only siifipk the driver routes but also
enables expecting identical time of supply, whistbéneficial for consumers.
Saving from daily optimization of routes versusithmification in a certain time
period usually does not exceed the relatively l@fcpntage of unified regular
distribution routes.
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The problem of routing stability among periodsakatively new and different
approaches of various authors can be found iratitez. Sorensen (2006) develop
a way measuring the difference between two vehigiging solutions and he
also proposed a metaheuristic approach that fioldgiens that are close (in the
solution space) to a given baseline solution anth@tsame time have a high
quality in the sense that their total distancedited is small. Ribeiro and Lourenco
(2001) found that in real-life problems, “marketiolgjectives” like the relation-
ship between drivers and the customers they sargaften more important than
cost considerations. Thangiah et al. (2004) fourad in the routing of school
buses, there is a preference for routes remaitiagsame throughout an entire
semester. Ribeiro and Lourengo (2005) proposed la-pawiod inventory rout-
ing problem with customer that faces two types @fdnd: stochastic and de-
terministic. The objective was planning the deliesifor a week period. Ferder-
gruen and Simchi-Levi (1995) divided the inventooyting problems into two
variants: the single period model and the infifirizon model. Baita et al.
(1998) presented dynamic routing and inventory lgrab characterized by having
a dynamic environment where repeated decisions twbe taken at different
times within some time horizon. Murata and Itai 8P proposed approach en-
hancing solution similarity in multi-objective velte routing problems with
different demand periods. Groer, Golden and Wa€l09) characterized a con-
sistent vehicle routing problem. This is a vehideting problem in which the
total travel time is minimized, while meeting thapacity and maximum travel
time. Furthermore, additional constraints are addedake sure that if customers
are visited on more than once, they are alwayseddiy the same driver and at
roughly the same time of the day. Pekar, BrezirthGidkova (2014) dealt with
synchronization of distribution in two time perioddfference in the quantity of
customers’ demands between periods should be abbgreoutes with minimal
(parametrized) number of differences. Except fer thinimization of the total
distance it enables to achieve some stability hitem in the given periods.

2. Capacitated Vehicle Routing Problem

This section is devoted to the CVRP. The idedisf model is further refined
in part 3. The formulation CVRP is based on theplgreepresentation. Consider
a graph withn + 1 nodes. LeNN, :{0,1,...,n} bethe set of nodes representing the

location of customers as well as the depot (origihg standard CVRP consists
in designing the optimal set of routes for a vehi@ehicles) in order to serve
a given set of customers located in a certain nedebe net representing by
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subseN ={1,2,...n} . Each customer has a certain demagdiCN ). The de-
mand need to be met from origir{O}). Further on there exists a matrix

Dn+1)xpe1) that represents the minimum distances betweethealpairs of nodes
(customers and the depot). The optimal vehicleemutust be designed in such
a way that each customer is visited only once lactyx one vehicle, all routes
start and end at the origin, and the total demahd#i customers on one particular
route must not exceed the capacity of the vehigjeQonsider that demands of
customers are met in full and also consider th&viddal demands do not exceed
the capacity of the vehicle, otherwise a quantgjyad to the vehicle capacity is
realized in self-route and the model includes @h&/remaining demand.
Based on this assumption, the model can be statémllows:

min f (Xu)=>>"dx (1)

iON jON,
i
> x =1, jON, i#] (2
iON
> x =1,i0N,i#]j ©)
JONg
U+o - gl-x)<y, i0ONy, JON,i#]j @
g<ys<g, iUN ©)
0 =0 ©)
x 0{0, 3,1, jON,, i #] 0

Mathematical programming formulation of CVRP reqaitwo types of vari-
ables: the binary variableg, i, jON, wherex; = 1 if the edge between node
I and nodg is used, otherwisg; = 0 (7). Further on the free variablgsi 0N
based on well-known Miller-Tucker-Zemlin’s formulan of the traveling sales-
man problem (Miller, Tucker and Zemlin, 1960) ampléed. These variables
enable to calculate the load of vehicle.

Objective function (1) determines the total tradedistance. Equations (2)
and (3) ensure that each customer (except thenprigivisited exactly ones.
Equations (4) are anti-cyclical conditions thatver& the formation of such sub-
cycles which do not contain an origin. The setariablesu;, i DN also ensures
the calculation of current load of vehicles inritsite toi-th customer (including)
and together with equations (5) they ensure treatthrent load does not exceed
the capacity of vehicle, which is set to zero (6)he origin.
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3. Modeling of Synchronized Capacitated Vehicle Routing Problem
among Periods

This section describes the original model, inalgdits assumptions and
mathematical formulation. The model respects tharabjectives of suppliers,
drivers and also customers. These objectives cduartheer characterized as fol-
lows: unified distribution decreases costs for apémization calculations (eve-
ryday optimization is not necessary), and also ipges/ more transparent data
about the estimated vehicle position (it enablgs msponding to traffic prob-
lems). Such route also enables easier route réahzand better orientation in
delivery times.

The primary objective of such a model is to builchtegic relationships with
customers. The model is generally applicable faiopiéc delivery with small
changes in demand in a stable road network. Itbeaimplemented to optimize
weekly, respectively monthly distribution. The adtage is that there is no need
to formulate new mathematical programming problesre day. When the cal-
culation was realized by external company thenaihyication of synchronized
model can save computer time and thus the costlodilation. Distribution using
synchronized route allows the distributors, excgpttematic building strategic
relationships with its customers, also using sumitas when that same driver
visit the same clients about the same time in gectod (eg. daily or weekly).
The driver then realizes more comfortable delivetiet do not change in periods.
Daily changes of routes could lead to more erracs@nsequently higher costs.
The advantage for customers is the realization wdgallar supply at relatively
the same time, which especially for the small ausis can lead to cost reduc-
tion that may be extended by potential extensiomvorking hours (including
real time windows into mathematical models leadhéoformulation of complex
routing models with time windows, e gickova, Brezina and Pekar, 2013).

The mathematical model of synchronized distributould be formalized as
follows. Consider distribution network describedsattion 1. However, consider
the changes in customers’ demand in the discnaie pieriods. Time periods are
characterized by a s&t={1,2,...t} , wheret represents number of periods. Then

the demand of customers in each time perkddT can be designated ap,
iON, kOT (provided the individual daily demands do not exctdee capacity
of the vehicle, otherwise a quantity equal to thpacity of vehicle is realized in
self-route and the model includes only the remaginilemands). Because we
consider geographically regional distribution itnist necessary to take into ac-
count neither the time nor the distance limitatioRse cost of transportation is
directly reflected by distances.
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Individual optimization according to model (1) A {n anyk-th periodk OT
results tot individual routes. Based on ideas given in theoohiction of this
article it is often desirable to achieve a unifiedte. The mathematical formula-
tion that enables to synchronize individual rougegiven below. The mathe-
matical model deals with two types of variables Hinary variables; which
represent the use of the edge between naae nodg, i, j ON,in thek-th pe-
riod kOT and variablesi; (kO T, i ON ) that represent the cumulative demand
of vehicle in corresponding period.

The situation can be characterized by followinglgio

minf(Xl,Xz,...Xtuluz,--ut)=zzdeu (8)
KOT i0Ny jON,
i#]
xg=1  kOT, jON,i#] ©)
iONg
> %=1 KkOT, jON,i#] (10)
JONg
Ug + G~ 9= ;)< 4, KOT, i0ONg, JUN, i #] (1D
Ge<U;< g, kOT,iON (12)
u, =0, kOT (13)
Xi ~ %z =0, kDT_{]}’ LJON, 17 ] (14)
g 0{0,4, KOT, i, ONg, i #] (15)

The objective function (8) minimizes the total tedravelled in all periods.
Equations (9) and (10) ensure that in each perieh&le leaves each node and
the vehicle enters each node except the origintigxaces. Equations (11) rep-
resent sub-tour elimination constraints that siamébusly with the equations
(12) and (13) ensure that the vehicle’'s capacitpés. The variableg (kOT,

i ON ) calculate the load of vehicle. Equations (14)ue@soute consistency
within periods.

4. Empirical Results

Further on, let us introduce the real-life probléealing with distribution sche-
duling in district of Pezinok. The problem can lesctibed by network consisting
of origin from where 16 municipalities need to leeved, so thatl :{1,2,...,1@,
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N, ={0} O N .The origin is situated in Pezinok. The elementseiN represent
municipalities (in given order): Slovensky Grob,n¥né, Svaty Jur, Limbach,
Vinosady, Senkvice, Budmerice, Vistuk, B&hdablonec, Dubova, Pil@asta,
Dorany, Stefanov4, Modra. Consider the five day tinoeizon (workweek).

Known customers’ demands in each workday:=({1, 2, 3, 4, 5} are elements of
n-dimensional vectorgy kO T, n = 16:

« vector of demands for the 1-st period:= (2 474, 2 024, 5 091, 1 384, 554,
5715, 2 459, 1 479, 1 996, 767, 936, 150, 1 309, 333, 6 614)

- vector of demands for 2-nd periogk = (2 652, 2 078, 3 065, 1 521, 644,
5155, 1 581, 1 202, 815, 825, 811, 281, 1 249, 888, 6 737,

« vector of demands for 3-rd periag = (1 962, 1340, 4 377, 1642, 718,
4114,1 743,1 985, 1 389, 937, 1 045, 237, 1 4885, 244, 6 727)

« vector of demands for 4-th periad = (2 574, 1 893, 2 531, 1 920, 1 145,
3930, 643, 1 321, 882, 746, 1 095, 332, 2 0878, 837, 7 737)

- vector of demands for 5-th periag = (1 388, 1401, 4 816, 650, 1 143,
4106, 3390, 1 182, 1 312, 222, 749, 126, 3 53®6l 501, 8 800)

Table 1
Matrix of Minimal Distances between all the Pairs 6 Nodes (km)
D| 0| 1| 2| 3| 4/ 5/ 6 7 8 9 10 11 1p 13 14 15 (6
o| of 7| 4| 7| 7/ 3 6 16 11 22 1p 11 18 15 18 [p9 |7
1| 7| of 3| 7| 7| 10 13 23 18 21 26 18 25 22 pP5 |26 |14
2| 4| 3| of 11| 11| 7/ 10 20 1% 1B 23 15 22 19 P2 (23 |11
3| 7| 7| 11| o| 6| 10 13 23 18 2p 26 18 25 P2 P25 (26 |14
4| 7| 7| 11| 6| o 100 12 22 18 28 26 17 24 p2 [p5 [25 |13
5| 3|10| 7| 120/ 10, o § 13 11 1y 1B 8 15 12 p5 |16 | 4
6| 6| 13| 10| 13| 121 § g 11 6 1 15 |9 16 13 {6 |15 |5
7| 16| 23| 20| 23| 22 13 11 b 6 [ ©B 10 10 |7 |7 |4 |9
8| 11| 18| 15| 18 18 11 6 ¢ b B P P 16 13 13 |9 |8
9|22 21| 18| 29| 28 17 11 r 6 p 2o 15 16 {4 |14 |10 |14
10| 19| 26| 23| 26 26 1 15 4 p 1o |0 14 13 p1 |11 |7 |13
11 | 11| 18| 15| 18 17 g 9 10 9 14 o |7 |5 |8 |8 |4
12 | 18| 25| 22| 25 24 14 16 1p 16 16 13 |7 |0 |3 |6 |6 |11
13| 15| 22| 19| 22/ 22 12 13 y 18 14 11 |5 (3 |0 |3 |4 |9
14 | 18| 25| 22| 25 29 1§ 14 y 18 14 11 (8 |6 |3 |0 |4 |12
15| 19| 26| 23| 26/ 29 16 15 4 p 1o |7 (8 |6 |4 |4 |0 |12
16| 7| 14| 11| 14/ 13 4 § ¢ % 13 |4 11 |9 12 {12 |0

Source:<www.vzdialenosti.sk>.

The daily distribution need to be provided by ws with the same capacity
(g =9000). The number of vehicles can be adaptedaqsred; therefore it is not
necessary to consider limits on the initial numbievehicles. The known matrix
of shortest distancd3 between all municipalities is given in Table 1.

Model CVRP (1) — (7) and model (8) — (15) were liempented in software
GAMS (solver Cplex 12.2.0.0 was used).
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Firstly, individual daily optimization was compadtéusing model (1) — (7)).
Results are given in Table 2.

Table 2
CVRP in all Periods
Period/ Route Sequence of nodes Number Total
of distributed distance
units (km)
1. Period (5 routes)0-1-2-0-4-3-0-6-8-0-9-10-7-15-14-13-12-11-0-16-5-0 139
Route 1 0-1-2-0 4 498 14
Route 2 0-4-3-0 6 475 20
Route 3 0-6-8-0 7194 23
Route 4 0-9-10-7-5-14-13-12-11-0 8 660 68
Route 5 0-16-5-0 7168 14
2. Period (4 routes)0-2-1-3-0-4-6-0-8-9-7-10-15-14-13-12-11-5-0-16-0 231
Route 1 0-2-1-3-0 7795 21
Route 2 0-4-6-0 6676 25
Route 3 0-8-9-7-10-15-14-13-12-11-5-0 8621 63
Route 4 0-16-0 6 737 14
3. Period (4 route$)0-1-3-4-0-2-9-8-6-0-11-12-13-14-15-10-7-0-16-5-0 361
Route 1 0-1-3-4-0 7981 27
Route 2 0-2-9-8-6-0 8828 40
Route 3 0-11-12-13-14-15-10-7-0 6 760 55
Route 4 0-16-5-0 7 445 14
4. Period (4 route$)0-2-1-4-3-0-6-0-11-12-13-14-15-7-10-9-8-0-16-5-0 116
Route 1 0-2-1-4-3-0 8918 27
Route 2 0-6-0 3930 12
Route 3 0-11-12-13-14-15-7-10-9-8-0 8616 63
Route 4 0-16-5-0 8877 14
5. Period (5 route$)0-2-1-4-3-0-5-0-6-9-7-0-8-10-15-14-13-12-11-0-16-( 143
Route 1 0-2-1-4-3-0 8 255 27
Route 2 0-5-0 1143 6
Route 3 0-6-9-7-0 8 808 41
Route 4 0-8-10-15-14-13-12-11-0 8102 55
Route 5 0-16-0 8 800 14

Note:0 — Pezinok, 1 — Slovensky Grob, 2 — \fmé, 3 — Svéaty Jur, 4 — Limbach, 5 — Vinosady, G&rkSice,
7 — Budmerice, 8 — Vistuk, 9 — Bahal0 — Jablonec, 11 — Dubova, 12 — Pila, X3asta, 14 — Dkany, 15 —
Stefanova, 16 — Modra.

Source:Own compilation.

Table 3

Stabilized Route

Route Sequence Distance (km)
Stabilized route 0-1-2-0-3-4-0-5-0-13-12-11-6-041%+-10-7-9-8-0-16-0 151
Route 1 0-1-2-0 14
Route 2 0-3-4-0 20
Route 3 0-5-0 6
Route 4 0-13-12-11-6-0 40
Route 5 0-14-15-10-7-9-8-0 57
Route 6 0-16-0 14

Source:Own compilation.



75

The total distance is 657 km. It is calculatedhessum of the individual dis-
tribution routes for all the days. Further on, siiteation was modeled according
to (8) — (15), which leads to realization of ideatiroute for whole periods. The
resulting distribution is described in Table 3.

Stabilized route consist of 6 route®:1-2-0-3-4-0-5-0-13-12-11-6-0-14-15-
10-7-9-8-0-16-0, the cost of the route: 151 km. Tesailed information about
realized routes is given below.

1-st route Sequence of nodes: 0-1-2-0, total distance ofrtege 14 km, total
capacity realized in the 1-st day: 4498 units /| twdpacity realized in the 2-nd day:
4 730 units, total capacity realized in the 3-rgt: 8302 units, total capacity real-
ized in the 4-th day: 4 467 units, total capaciglized in the 5-th day: 2 789 units.

2-nd route Sequence of nodes: 0-3-4-0, total distance of Pante 20 km,
total capacity realized in the 1-st day: 6 475 srtibtal capacity realized in the
2-nd day: 4 586 units, total capacity realizedhia 8-rd day: 6 019 units, total
capacity realized in the 4-th day: 4 451 unitsaltegpacity realized in the 5-th
day: 5 466 units.

3-rd route Sequence of nodes: 0-5-0, total distance of 3-utleré km, total
capacity realized in the 1-st day: 554 units, totgdacity realized in the 2-nd day:
644 units, total capacity realized in the 3-rd d&8 units, total capacity realized
in the 4-th day: 1 145 units, total capacity resdim the 5-th day: 1 143 units.

4-th route Sequence of nodes: 0-13-12-11-6-0, total distahdetlo route 40
km, total capacity realized in the 1-st day: 8 L@its, total capacity realized in
the 2-nd day: 7 496 units, total capacity realiiedhe 3-rd day: 6 885 units,
total capacity realized in the 4-th day: 7 439 sinibtal capacity realized in the
5-th day: 8 517 units.

5-th route Sequence of nodes: 0-14-15-10-7-9-8-0, total digtaof 5-th
route 57 km total capacity realized in the 1-st:day53 units, total capacity
realized in the 2-nd day: 5 636 units, total cagyaptalized in the 3-rd day:
7 363 units, total capacity realized in the 4-tly:da 107 units, total capacity
realized in the 5-th day: 8 393 units.

6-th route Sequence of nodes: 0-16-0, total distance of @ker14 km, total
capacity for the 1-st day: 6 614 units, total cétgaealized in the 2-nd day: 6 737
units, total capacity realized in the 3-rd day: & nits, total capacity realized
in the 4-th day: 7 732 units, total capacity readiin the 5-th day: 8 800 units.

The total distance for all days is 755 km, whiglabout 98 km (14.92%) over
distance calculated according to CVRP (individuallyd optimization). This
increase presents the minimal possible cost oferauification. An individual
distributor should decide whether he accepted sucimcrease relative to daily
optimization.
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Authors also analysed the influence of individiaglut parameters using gen-
erated data set (change of the vehicle’s capadiignges in demand). Clearly,
the change in capacity of the vehicle caused agghanroutes. In reality, how-
ever, it is particularly important to consider chaa in demand in different time
periods. Testing was performed using generated widtadifferent percentage
changes for individual delivery within the analyspériod. After subsequent
calculations and further analysis of that situatarthors concluded that it is
generally difficult to determine the boundary chesigvhen it is effective using
synchronized delivery, respectively it is more @éfint to calculate individual
routes for each period. This is due to the fact tha results are influenced not
only by changes in demand, but also by a speciéitrimshortest distances (the
position of the individual customers) and by vehichpacity. Any further analysis
of operating costs and possible scheduling optiizaemains an open question.

Conclusion

The analysed distribution problem is oriented tamping of stabilized routes
among certain time periods. Although classicalydagtimization allows adapt-
ing goods distribution to customers’ requiremeittsan lead to daily changes in
dispatching routes. On the other hand it may bérals#e to reduce everyday
optimization calculation. Stabilized route can disimg more transparent data on
the vehicle position (if response to problems i tifaffic situation is necessary).
Benefit for driver is better orientation in realizeoutes and also customers can
better anticipate the receiving time of their gaodserefore distribution compa-
nies quite often resort to certain unification whallows them to establish stabi-
lized distribution routes and profit from above riened conveniences.

The above approach addresses the problem of gradianiform distribution
within a certain time period. Input parameters r@sented model are the shortest
distances, vehicle capacity and customer demanedadh time period. The arti-
cle on the above parameters analyses the spdtifatisn in the selected region.
Generally, it is necessary to specify both the timluusing presented model as
well as individual optimal solutions in each timeripd. Then it is necessary to
carry out an analysis whether increased cost cabgewute synchronization
provides adequate effects (reduction of distributarors, identical times of
deliveries) and choose the way of distribution.

Developed model (8) — (15) enables to calculaiéaghroute with minimal
increase in the travelled distance (in the preskasse study costs increased by
14.92%). On the other hand such unified route piEviincreased comfort for
drivers and customers. Therefore it depends orvithakl distributor decision
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whether he accepts this cost increase and givestprio benefits from unified
route relative to daily optimization. Based on tiresented case study can be
concluded that in the given situation (given theeleof demand) it is advisable
to use a unified distribution as increased costqaoreflect a significant in-
crease and the effects of a synchronized pathechediter conditions for delivery
and better services for customers (as reportedrin2pof this article).

The article was structured as follows. Conceptsyoichronized distribution
as well as some relevant works on mathematical tiogl@re given in introduc-
tion. Classical capacitated vehicle routing probisrformulated in the first part
of the article. This formulation provides a basis €onstructing the model of
synchronization of capacitated vehicle routing pgobamong periods in the
second part. The third chapter is devoted to sglvemal distribution problem
based on routes unification in Slovak region. [isiion system was designed
based on the model given in part two.

Including operating costs or scheduling optimiaatirepresents a further
possible extension of presented model and theseeth@re opened for future
research. Due to authors meaning, presented appodgess tool to solve prob-
lems of synchronized distribution and can be algplied to a wide variety of
real-life problems.
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